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1 Introduction

The N = 4 supersymmetric Yang-Mills theory (SYM) [1] is a remarkable model of mathe-

matical physics. To begin with it is the gauge theory with maximal supersymmetry and it

is superconformally invariant at the classical and quantum level with a coupling constant

free of renormalisation. In its planar limit all observables of the SU(N) model depend

on a single tunable parameter, the ’t Hooft coupling λ. Moreover the theory is dual to

superstring theory on AdS5 × S5 in the sense of the AdS/CFT correspondence [2]. In

recent years we have seen formidable progress in our understanding of this most symmet-

ric AdS/CFT system due to its hidden integrability [3–5]. The first hints of integrable

structures in planar QCD appeared in the study of high-energy scattering processes [6, 7].

In N = 4 SYM integrability has been observed in the study of anomalous scaling dimen-

sions of gauge invariant local operators and in the spectral problem of the classical and

quantum AdS5 × S5 string. On the gauge theory side the problem of finding the all-loop

scaling dimensions can be mapped to the eigenvalue problem of a long-range integrable

spin chain model, which in turn is governed by a nested set of Bethe equations [8] (see [9]

for reviews), for recent progress see [10]. Here the spin chain Hamiltonian - alias the di-

latation operator - acts on the chain of fundamental fields - the ‘spins’ - inside the trace

of the local operator. Integrability refers to the existence of an infinite set of charges,

which are in involution, and contain the Hamiltonian of the system. Integrability on the

string side has been established at the level of the classical theory, where again an infinite

set of conserved charges may be constructed [5, 11]. A number of positive tests of the

Bethe equations in the strong coupling limit have been performed in various perturbative

studies of the quantised AdS5 × S5 string, see e.g. [12]. A natural question following these

tremendous advances is, what implications integrability has beyond the realm of two-point

functions of local operators or, respectively, the excitation spectrum of superstrings in an

AdS5 × S5 background.

– 1 –
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Parallel and initially unrelated progress has been made in the study of on-shell scat-

tering amplitudes in N = 4 SYM. Maximally helicity violating (MHV) n-gluon scattering

amplitudes at tree-level have a very simple form when expressed in the spinor helicity

formalism [13]. As shown by Witten [14] at tree level there is an interesting perturba-

tive duality to strings in twistor space. This inspired the development of recursive tech-

niques to construct tree-level gauge theory amplitudes known as the BCFW recursion

relations [15, 16]. At the level of loop corrections Bern, Dixon and Smirnov (BDS) [17]

conjectured an all-loop form of the MHV amplitudes in N = 4 gauge theory, based on an

iterative structure [18] found at lower loop levels employing on-shell techniques [19, 20]

(see [21] for a recent review). The form of this conjecture was dictated by the tree-level

and one-loop structure and the cusp anomalous dimension, a quantity which is simultane-

ously the leading ultraviolet singularity of Wilson loops with light-like cusps [22–24] and

the scaling dimension of a particular class of local operators in the high spin limit. Due

to this latter property it may be obtained from the above mentioned Bethe equations. In

fact the BDS conjecture is now known to fail at two loops and six points [25–29] but the

deviations from it are constrained by a novel symmetry, dual conformal symmetry, which

we will now discuss.

The dual string theory prescription for computing scattering amplitudes was proposed

in [30]. There, the problem of computing certain scattering amplitudes at strong coupling

was mapped via a T-duality transformation to that of computing Wilson loops with light-

like segments. The strong coupling calculation of [30] is insensitive to the helicity structure

of the amplitude being calculated. At weak coupling however, it was found that light-like

Wilson loops are dual to MHV amplitudes, as was demonstrated for n = 4, 5, 6 gluons

scattering up to two-loop order [31–33]. A direct implication of this Wilson loop/MHV

amplitude duality is the existence of a novel ‘dual conformal’ symmetry of the amplitudes,

for which hints had appeared at the level of loop integrals contributing to the ampli-

tudes [34–36]. This symmetry has its interpretation as the ordinary conformal symmetry

of the Wilson loops [33, 37]. Indeed the two-loop, six-point calculations of [26, 28, 29]

showed that the amplitude and the Wilson loop both differ from the BDS conjecture by

the same function of dual conformal invariants. This symmetry extends naturally to dual

superconformal symmetry when one considers writing all amplitudes (MHV and non-MHV)

in on-shell superspace [38, 39]. In particular, tree-level amplitudes are covariant under dual

superconformal symmetry. On the string side this symmetry can be seen to arise from the

combination of a bosonic and a novel fermionic T-duality transformation of the AdS5 ×S5

superstring onto itself. This transformation maps the dual superconformal symmetry of

the original theory to the ordinary superconformal symmetry of the dual model, thereby

providing another indication for the dual superconformal symmetry of planar scattering

amplitudes [40, 41].

For tree-level amplitudes, dual superconformal symmetry was verified recursively [42]

by employing a supersymmetrised version [42–44] of the BCFW recursion relations [15, 16].

In fact the supersymmetric recursion relations can be explicitly solved to obtain a closed

form for all tree-level amplitudes in N = 4 SYM [45]. The expression thus obtained is

given by a sum over dual superconformally covariant quantities.

– 2 –
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The natural question arising from these two symmetry algebras is, what mathematical

structure arises, when one commutes generators of the superconformal and dual super-

conformal algebras with each other? One would indeed expect to generate an infinite-

dimensional symmetry algebra as a manifestation of the integrability of the theory. We

shall show in this paper that a Yangian symmetry of scattering amplitudes appears, at least

at tree level. We take our inspiration from the discussion of the behaviour of the infinite

tower of charges in the sigma model in references [40, 41].1 There it was shown how the

combination of bosonic and fermionic T-dualities maps the charges of the original model

into the charges of the T-dual model. In this way dual superconformal symmetry can be

identified with certain non-local charges which map to local ones. Yangian symmetry has

been observed in other instances of the AdS/CFT system, at strong coupling in string

theory [5], at weak coupling in the gauge theory [47, 48], perturbatively in the spin-chain

picture [49], as well as in the AdS/CFT S-matrix [50]. These occurrences have all been

connected to the integrable spin chain picture and its ‘world-sheet’ S-matrix of magnon

scattering along the chain. Traditionally Yangian symmetry is connected to integrable 2d

field theories or spin chains, for reviews see e.g. [51]. However it is reasonable to expect

that scattering amplitudes should exhibit such a symmetry, as suggested in [14]. Remark-

ably, we indeed find the emergence of a Yangian structure at the level of the gauge theory

scattering amplitudes (i.e. the spacetime S-matrix). As we shall see we may again associate

a ‘spin-chain’ picture to the case of scattering amplitudes, where the ‘sites’ are identified

with the on-shell external fields in the colour ordered amplitude. This chain is by definition

periodic and cyclically invariant. The Yangian generators act non-locally along this chain

and, as we shall show, are also cyclic invariant when acting on a scattering amplitude due

to the special properties of the underlying psu(2, 2|4) Lie superalgebra. We would like

to stress this fact as commonly Yangian symmetry is violated by finite length systems,

which is not the case for our specific representation. This is of central importance for us,

as typical scattering amplitudes are of short ‘length’ with the order of, say, n = 4, 5, 6

particles involved.

Outline. In section 2, after summarising our conventions for writing amplitudes in on-

shell superspace, we review how the conventional and dual superconformal symmetries are

realised on the amplitudes. Then, in section 3, we study the closure of the conventional and

dual superconformal algebras, and find that one obtains a Yangian algebra. Section 4 con-

tains the conclusions and an outlook. The definitions of all generators of the conventional

and dual superconformal algebras as well as their commutation relations are collected in

an appendix.

2 Properties of scattering amplitudes

In this paper we consider colour-ordered partial amplitudes, and we use the spinor-helicity

formalism (for a review, see e.g. [53]), where the on-shell momenta pµ
i of the i’th particle

1We thank Niklas Beisert for important comments on this point, see also [46].

– 3 –



J
H
E
P
0
5
(
2
0
0
9
)
0
4
6

(with p2
i = 0) are written as a product of commuting spinors,

pµ
i (σµ)αα̇ = pαα̇

i = λα
i λ̃α

i . (2.1)

For contractions between spinors we will use the standard notation 〈ij〉 = λα
i λjα. The

spinors λ and λ̃ are defined only modulo a complex rescaling λ → αλ, λ̃ → α−1λ̃. The

scaling weight is the helicity and is normalised so that λ has helicity −1
2 and λ̃ has helic-

ity +1
2 .

2.1 Amplitudes in on-shell superspace and superconformal symmetry

Recall that using Grassmann variables ηA, where A is an SU(4) index, we can define a

super-wavefunction

Φ(p, η) = G+(p) + ηAΓA(p) +
1

2
ηAηBSAB(p) +

1

3!
ηAηBηCǫABCDΓ̄D(p)

+
1

4!
ηAηBηCηDǫABCDG−(p) , (2.2)

which incorporates as its components all on-shell states of N = 4 SYM. For example, G+(p)

and G−(p) correspond to helicity plus and helicity minus gluons, respectively, with ingoing

momentum pµ. The Grassmann variables η carry helicity +1
2 so that the whole multiplet

carries helicity +1. Since the N = 4 supermultiplet is PCT self-conjugate, we could have

equally chosen an anti-chiral representation (see [38, 39] for more explanations).

We can write the amplitudes in the on-shell superspace with coordinates (λi, λ̃i, ηi) [14,

54, 55],

An

(

λi, λ̃i, ηi

)

= A (Φ1 . . . Φn) . (2.3)

Since the helicity of each supermultiplet Φi is 1 then the amplitude obeys

hiAn(λi, λ̃i, ηi) = An(λi, λ̃i, ηi) , (2.4)

where

hi = −
1

2
λα

i

∂

∂λα
i

+
1

2
λ̃α̇

i

∂

∂λ̃α̇
i

+
1

2
ηA

i

∂

∂ηA
i

(2.5)

is the ith helicity operator. The amplitude is a distribution,

An =
δ(4)(p)δ(8)(q)

〈12〉 . . . 〈n1〉
Pn(λi, λ̃i, ηi) , (2.6)

where the delta functions are consequences of translation invariance and supersymmetry,

pαα̇ =
n

∑

i=1

pαα̇
i , qαA =

n
∑

i=1

qαA
i , with qαA

i = λα
i ηA

i . (2.7)

The function Pn(λi, λ̃i, ηi) is a polynomial in the ηi, with terms of Grassmann degree 4m

corresponding to NmMHV amplitudes. The first term in Pn(λi, λ̃i, ηi) is equal to 1, so that

we recover the well-known formula for MHV amplitudes [54],

AMHV
n =

δ(4)(p)δ(8)(q)

〈12〉 . . . 〈n1〉
. (2.8)

– 4 –
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An explicit expression for Pn(λi, λ̃i, ηi) for all non-MHV tree-level amplitudes can be found

in [45]. The function Pn(λi, λ̃i, ηi) is constrained by the fact that (at least at tree-level)

the amplitude should be annihilated by all generators of the conventional superconformal

algebra (the explicit form of the generators in the on-shell superspace was given in [14]).

Let J (0) denote the conventional superconformal generators satisfying

[J (0)
a , J

(0)
b } = fab

cJ (0)
c , (2.9)

where fab
c are the structure constants of the psu(2, 2|4) algebra and the mixed brackets

[·, ·} denote the graded commutator defined in the usual way, i.e.

[O1, O2} = O1O2 − (−1)deg(O1)deg(O2)O2O1 . (2.10)

Here deg(O) is the Grassmann degree of O.

The generators J
(0)
a are in fact sums of generators acting along the chain of colour-

ordered scattered particles,

J (0)
a =

n
∑

i=1

J
(0)
ia , (2.11)

and we call J
(0)
ia the density of the generator J

(0)
a . In particular we have the second or-

der constraint,

kαα̇ An = 0 , kαα̇ =

n
∑

i=1

kiαα̇ =

n
∑

i=1

∂

∂λα
i

∂

∂λ̃α̇
i

, (2.12)

where kαα̇ is the generator of special conformal transformations. The expressions for the

remaining generators of the conventional superconformal algebra are given in the appendix.

We will use the superscript zero for the level zero generators to distinguish them from higher

level generators to be defined below. In some formulae, like in (2.12), this superscript will

be omitted for the level zero generators for the sake of legibility.

We can trivially extend psu(2, 2|4) to su(2, 2|4) by including the central charge c which

is related to the total helicity via c =
∑n

i=1(1−hi) and therefore annihilates the amplitudes,

as can be seen from equation (2.4). In fact this is also true for the density ci which is related

to the helicity generators via ci = 1 − hi. We can further extend to u(2, 2|4) by including

the hypercharge b, but we must remember that this is not a symmetry of the amplitudes.

Thus we can take the structure constants fab
c to be those of u(2, 2|4).

2.2 Dual superconformal symmetry

It has become clear recently that amplitudes have an additional symmetry, dual super-

conformal symmetry [38]. This symmetry is most conveniently seen by introducing dual

variables xi and θi,

(xi − xi+1)αα̇ − λi α λ̃i α̇ = 0, (θi − θi+1)
A
α − λiαηA

i = 0 . (2.13)

For now, we will identify the dual superspace points (xn+1, θn+1) and (x1, θ1), as suggested

by momentum conservation and supersymmetry. However, we will come back to this issue

momentarily and explain why it is more appropriate to consider (xn+1, θn+1) 6= (x1, θ1).

– 5 –
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First we recall how the generators of the dual superconformal algebra are con-

structed [38]. We begin with the dual coordinates xi and θi. On this chiral superspace, the

conformal generator reads

Kαα̇ =

n
∑

i=1

[

xαβ̇
i xα̇β

i

∂

∂xββ̇
i

+ xα̇β
i θαB

i

∂

∂θβB
i

]

. (2.14)

The action of the dual conformal generator on the variables (λα
i , λ̃α̇

i , ηA
i ) is found by ex-

tending (2.14) so that it commutes with the constraints (2.13) modulo constraints. In other

words it is constructed so that it preserves the surface defined by (2.13). There is a choice

in how to do this related to how the conformal transformation of λi is split up between

the points xi and xi+1. The choice we will make (as in [38]) associates λi entirely with the

point xi and λ̃i with the point xi+1,

Kαα̇ =

n
∑

i=1

[

xαβ̇
i xα̇β

i

∂

∂xββ̇
i

+xα̇β
i θαB

i

∂

∂θβB
i

+xα̇β
i λα

i

∂

∂λβ
i

+xαβ̇
i+1λ̃

α̇
i

∂

∂λ̃β̇
i

+ λ̃α̇
i θαB

i+1

∂

∂ηB
i

]

. (2.15)

We can obtain all generators of the dual superconformal algebra in the same way. For our

purposes it will be useful to recall here the form of the superconformal generator SA
α ,

SA
α =

n
∑

i=1

[

−θB
iαθβA

i

∂

∂θβB
i

+ xiα
β̇θβA

i

∂

∂xββ̇
i

+ λiαθγA
i

∂

∂λγ
i

+ xi+1 α
β̇ηA

i

∂

∂λ̃β̇
i

− θB
i+1 αηA

i

∂

∂ηB
i

]

.

(2.16)

The expressions for the remaining generators of the dual superconformal algebra are given

in the appendix. It will be sufficient for us to consider Kαα̇ and SA
α since the other gener-

ators of the dual superconformal algebra can be seen to be trivially related to generators

of the conventional superconformal algebra.

Recall [38] that we can act on the amplitude as a distribution by introducing an

additional point (xn+1, θn+1) 6= (x1, θ1). Then the terms in the generators which depend

on ∂/∂xi or ∂/∂θi (i.e. the first two terms in (2.15) and (2.16)) are summed up to n + 1.

From the dual space perspective this means that the chain of points no longer forms a

closed loop but rather an open curve. The delta functions δ(4)(p)δ(8)(q) appearing in a

generic super-amplitude, c.f. (2.6), can then be written as δ(4)(x1 − xn+1)δ
(8)(θ1 − θn+1)

and hence reimposes the closure of the loop which is thus a consequence of translation

invariance and supersymmetry.

The product δ(4)(p)δ(8)(q) = δ(4)(x1 − xn+1)δ
(8)(θ1 − θn+1) can be seen to be dual

superconformally invariant [38]. The full amplitude is dual superconformally covariant,

with the conformal weights coming exclusively from the denominator 〈12〉 . . . 〈n1〉,

Kαα̇An = −
n

∑

i=1

xαα̇
i An , SA

αAn = −
n

∑

i=1

θA
iαAn . (2.17)

The operators which annihilate the amplitude are therefore

K̃αα̇ = Kαα̇ +

n
∑

i=1

xαα̇
i and S̃A

α = SA
α +

n
∑

i=1

θA
iα . (2.18)

– 6 –
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We want to consider the commutation of the charges which annihilate the amplitude in

both the conventional and dual superconformal algebras. To do this we must bring K̃ and

S̃ to a form where they only act on the on-shell superspace coordinates (λi, λ̃i, ηi). First

we will use the constraints (2.13) to eliminate the dual variables xi and θi for 2 ≤ i ≤ n+1

in favour of the on-shell superspace coordinates,

xαα̇
i = xαα̇

1 −
∑

j<i

λα
j λ̃α̇

j , θαA
i = θαA

1 −
∑

j<i

λα
j ηA

j for 2 ≤ i ≤ n + 1 , (2.19)

so that the terms acting on the eliminated variables can be dropped. The terms which

act on x1 and θ1 can also be dropped because, once x2, . . . , xn+1 and θ2, . . . , θn+1 have

been eliminated, the dual translation invariance and dual supersymmetry of the amplitude

simply state the independence of the amplitude on x1 and θ1,

Pαα̇An =
∂

∂xαα̇
1

An = 0, QαAAn =
∂

∂θαA
An = 0 . (2.20)

Indeed we know from the start that the amplitude can be written so that it only depends

on the on-shell superspace coordinates (λi, λ̃i, ηi). Thus we keep only the final three terms

in both (2.15) and (2.16).

Then if we inspect the remaining terms in K̃ and S̃ in equation (2.18) which depend

on x1 and θ1 we see that they annihilate the amplitude by themselves. For example, if we

look at S̃ we find the following terms which depend on x1 and θ1,

n
∑

i=1

[

θγA
1 λiα

∂

∂λγ
i

− θB
1αηA

i

∂

∂ηB
i

+ x1α
β̇ηA

i

∂

∂λ̃β̇
i

− θA
1α

]

=

= θB
1γ

(

− δA
Bmγ

α +
1

2
δγ
αδA

B(d + c) + δγ
αrA

B

)

+ x1α
β̇ q̄A

β̇
. (2.21)

Here we use the notation m,d, c, r, q̄ for the generators of the superconformal algebra whose

explicit forms are given in the appendix. Since all terms on the r.h.s. of (2.21) are propor-

tional to generators of the original superconformal algebra, they annihilate the amplitude.

The remaining terms in K̃ and S̃ contain only the on-shell superspace coordinates (λi, λ̃i, ηi)

and derivatives with respect to them. We will call these symmetry generators K ′ and S′,

K ′ = −
n

∑

i=1





i−1
∑

j=1

λβ
j λ̃α̇

j λα
i

∂

∂λβ
i

+

i
∑

j=1

λα
j λ̃β̇

j λ̃α̇
i

∂

∂λ̃β̇
i

+

i
∑

j=1

λ̃α̇
i λα

j ηB
j

∂

∂ηB
i

+

i−1
∑

j=1

λα
j λ̃α̇

j



 ,

(2.22)

S
′A
α = −

n
∑

i=1





i−1
∑

j=1

λγ
j ηA

j λiα
∂

∂λγ
i

+

i
∑

j=1

λjαλ̃β̇
j ηA

i

∂

∂λ̃β̇
i

−
i

∑

j=1

λjαηB
j ηA

i

∂

∂ηB
i

+

i−1
∑

j=1

λjαηA
j



 .

(2.23)

That these operators are symmetries is the expression of dual superconformal symmetry

purely in terms of the data defining the scattering amplitudes.

– 7 –
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We could equivalently have arrived at the form of K ′ and S′ by noting that K̃ and S̃

commute with the dual translation generator Pαα̇ and the dual supersymmetry generator

QαA modulo terms which themselves annihilate the amplitude. Therefore we could simply

use the latter to set x1 and θ1 to zero in (2.18), immediately leading to (2.22) and (2.23).

3 Yangian symmetry

What happens when we commute the generators of the conventional and dual superconfor-

mal symmetries to obtain higher charges which are realised on the amplitudes? The answer

is that the closure of the two symmetry algebras defines a Yangian algebra. We will show

presently that the dual superconformal generators are equivalent to level one generators

J (1) that are symmetries of the amplitudes and that satisfy

[J (1)
a , J

(0)
b } = fab

cJ (1)
c . (3.1)

The level one generators are defined by

J (1)
a = fa

cb
∑

1≤i<j≤n

J
(0)
ib J

(0)
jc , (3.2)

where f cb
a is obtained from fab

c by raising and lowering indices with the metric gab of the

algebra. Further they satisfy the following relation (Serre relation)

[J (1)
a , [J

(1)
b , J (0)

c }} + (−1)|a|(|b|+|c|)[J
(1)
b , [J (1)

c , J (0)
a }} + (−1)|c|(|a|+|b|)[J (1)

c , [J (1)
a , J

(0)
b }}

= h(−1)|r||m|+|t||n|{J
(0)
l , J (0)

m , J (0)
n ]far

lfbs
mfct

nf rst. (3.3)

Here we use the mixed brackets [·, ·} to denote the graded commutator, as before, and the

symbol {·, ·, ·] to denote the graded symmetriser. The index gradings denote the Grassmann

degree of the corresponding generators, i.e. |a| = deg(Ja) etc. The constant h is dependent

on conventions.

The conditions under which (3.2) is sufficient to give a representation of the Yan-

gian (i.e. that the level one generators obey the Serre relation) were discussed in detail

in [48]. A sufficient condition is that the adjoint appears only once in the tensor product

of the representation of the single-site level-zero generators J
(0)
ia with its conjugate. The

representation of interest here, namely the on-shell gluon supermultiplet, does satisfy this

property [48]. Therefore to show that the tree-level amplitudes have a Yangian symmetry

it will be sufficient to show that dual superconformal symmetry implies invariance under

the generators J
(1)
a given in (3.2).

Let us start with constructing the level one supersymmetry generator q(1)A
α . Looking

at formula (3.2) we expect to find terms of the form miqj, diqj, pis̄j, qirj and ciqj (all

antisymmetrised on i and j). Recall that here we are using the notation mi for the density

of the Lorentz generator m and similarly for the other generators of the superconformal

algebra whose explicit forms are given in the appendix. The central charge density ci

appears because certain elements of the metric are off-diagonal. In particular we have
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gsq 6= 0, gbc 6= 0, fsb
s 6= 0 and hence 0 6= f qc

q = −fq
qc. Since c is central b will never appear

on the r.h.s. of (3.2).

We would like to show that the dual superconformal symmetry generator SA
α is related

to the level one supersymmetry generator q
(1)A
α . To see that this is the right way to attempt

to identify dual superconformal symmetry with the Yangian symmetry, it suffices to note

that this is the only generator of u(2, 2|4) having the same labels as SA
α , namely a chiral

Lorentz spinor index and an upstairs su(4) index.

We know that dual superconformal symmetry implies that the amplitude is annihilated

by the operator S′, given in equation (2.23). Looking at (3.2) we note that fa
cb has the

symmetry property fa
cb = −(−1)|b||c|fa

bc, where |a| is zero (one) for a corresponding to a

bosonic (fermionic) generator. We can match this symmetry property by anti-symmetrising

the indices i and j under the sum in (2.23). This can be achieved by adding to S
′A
α the term

∆SA
α =

1

2

[

−qA
γ mγ

α + qA
α

1

2
dλ + nqA

α + pβ̇
αs̄A

β̇
+ qB

α rA
B − qA

α

1

4
dη

]

, (3.4)

where dλ =
∑

i λ
β
i

∂

∂λ
β
i

and dη =
∑

i ηB
i

∂
∂ηB

i

are counting operators. In (3.4) they always

appear multiplied by qA
α such that all operators in (3.4) annihilate the amplitudes, and

hence we have the freedom of modifying S
′A
α in this way.

After a short calculation we obtain

S
′A
α + ∆SA

α =
1

2

∑

i>j

[

mγ
iαqA

jγ −
1

2
(di + ci)q

A
jα + pβ̇

iαs̄A
jβ̇

+ qB
iαrA

jB − (i ↔ j)

]

+

n
∑

i=1

qA
iαci −

1

2
qA
α . (3.5)

We will now argue that the terms in the second line of (3.5) annihilate the scattering

amplitudes on their own and we may therefore drop them. Indeed, for the second term

this is obvious, and from the discussion in section 2 we already know that not only c, but

also the density ci annihilates the amplitudes. So we can make the definition

q(1)A
α :=

∑

i>j

[

mγ
iαqA

jγ −
1

2
(di + ci)q

A
jα + pβ̇

iαs̄A
jβ̇

+ qB
iαrA

jB − (i ↔ j)

]

. (3.6)

Here we have included an extra overall factor of 2 for convenience. By construction q
(1)A
α

annihilates all tree level scattering amplitudes, and it contains as an essential part the dual

generator S
′A
α .

We will now show that (3.6) is exactly of the form (3.2). This can be done by computing

the structure constants fa
cb in (3.2) for a corresponding to qA

α . We do this explicitly in the

appendix (see equations (A.31), (A.32), (A.33)). Here we prefer to give a simpler derivation

by noting that we have found precisely the types of terms we expected from (3.2). Therefore

we only need to check that the relative coefficients in (3.6) are correct. We will do this by

verifying the algebra relations (3.1). To begin with, the equations

{q(1)A
α , s̄B

α̇ } = 0 , [q(1)A
α , pββ̇] = 0 , (3.7)
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fix all the relative coefficients in (3.6) to take the values given there, except for the cq term.

Since c is a central charge it does not appear on the l.h.s. of any commutation relation.

Nevertheless, we can check its coefficient in (3.6) by verifying the algebra relations (3.1),

as we will see presently. In order to do this, we compute

{q(1)A
α , q̄α̇B} =: δA

Bp
(1)
αα̇ , (3.8)

and obtain

p
(1)
αα̇ =

∑

i>j

[(

mγ
iαδγ̇

α̇ + m̄γ̇
iα̇δγ

α − diδ
γ
αδγ̇

α̇

)

pjγγ̇ + q̄iα̇CqC
jα − (i ↔ j)

]

. (3.9)

Now we are in a position to verify selfconsistently that

[p
(1)
αα̇, s̄β̇

A] = δβ̇
α̇q(1)A

α . (3.10)

Indeed, the q
(1)A
α we find from (3.10) is exactly (3.6), which confirms the coefficient of the

cq term there.

This completes the proof that (3.6) is equivalent to the corresponding case in (3.2),

up to the overall normalisation. We remark that the structure of the su(2, 2|4) algebra is

such that, given q(1), we can obtain all other level one generators from the relations (3.1).

From [47, 48] we then know that (3.1) and the Serre relations are satisfied, such that the

symmetry operators of the amplitudes form a Yangian algebra. We remark that p(1) is re-

lated to the dual generator K
′

in a way very similar to how q(1)A is related to S
′A. Therefore

no further new generators appear from commuting the Yangian generators with K
′

.

Before concluding we give a convenient (super-)matrix form of the Yangian generators.

Introducing super-indices Ā = (α, α̇,A) we can define (4|4) × (4|4) super-matrices Ji
Ā

B̄

satisfying the u(2, 2|4) (anti)commutation relations (for i = j)

[Ji
Ā

B̄ , Jj
C̄

D̄} = δij

[

δC̄
B̄

Ji
Ā

D̄ − (−1)(|Ā|+|B̄|)(C̄|+|D̄|)δĀ
D̄

Ji
C̄

B̄

]

, (3.11)

where we have introduced the index-gradings |α| = |α̇| = 0 and |A| = 1. One can show

that the definition

Ji
Ā

B̄ =







∂i
αλiβ ∂i

α∂iβ̇
∂i

α∂iB

λ̃i
α̇λiβ λ̃i

α̇∂iβ̇
λ̃i

α̇∂iB

ηi
Aλiβ ηi

A∂iβ̇
ηi

A∂iB






(3.12)

=







mα
β − 1

2 δα
β (d + 1

2c − 1
4t) kα

β̇
sα

B

pα̇
β mα̇

β̇ + 1
2 δα̇

β̇
(d − 1

2c + 1
4 t) q̄α̇

B

qA
β s̄A

β̇
−rA

B − 1
2δA

B (1
2c + 1

4 t)







i

satisfies (3.11). Here we used a shorthand notation for the derivatives, c.f. (A.4), and ti
is the super-trace of the matrix. It can be identified with the hypercharge bi, but the

definition of bi is arbitrary in that one can add an arbitrary amount of the central charge

and a constant. So the general expression for the hypercharge is bi = ti + n1ci + n2. The

explicit expression for ti in (3.12) is ti = 2 − λi
γ∂iγ + λ̃i

γ̇∂iγ̇ − ηi
C∂iC .
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We can now write down the level one generators using the super-matrix notation. They

take the form

J (1) Ā
B̄ := −

∑

i>j

(−1)|C̄|(J Ā
i C̄ J C̄

j B̄ − J Ā
j C̄ J C̄

i B̄) , (3.13)

which can be seen to be equivalent to (3.2). An advantage of the (super-)matrix formulation

is that using (3.11) it is straightforward to compute (anti-)commutators involving Yangian

generators. For example, we can easily verify that (3.13) obeys the Yangian relation (3.1),

[J (1) Ā
B̄ , J C̄

D̄} = δC̄
B̄

J (1) Ā
D̄ − (−1)(|Ā|+|B̄|)(C̄|+|D̄|)δĀ

D̄
J (1) C̄

B̄ . (3.14)

Let us comment on the consistency of the level one Yangian generators defined by (3.2)

with the cyclicity of the scattering amplitudes.2 Let us consider the definition we would

obtain if we rotated the chain of points cyclically by one step,

J̃ (1)
a = fa

cb
∑

2≤i<j≤n+1

JibJjc . (3.15)

Here we identify Jn+1 a with J1a. Since the amplitudes are cyclic, both J
(1)
a and J̃

(1)
a

should annihilate the amplitudes and hence so should their difference. In the super-matrix

notation it is easy to evaluate this difference,

J (1) Ā
B̄ − J̃ (1) Ā

B̄ = −2

n
∑

k=1

(−1)|C̄|(J Ā
k C̄ J C̄

1 B̄ − J Ā
1 C̄ J C̄

k B̄) . (3.16)

Here
∑n

k=1 Jk
Ā

C̄ = J Ā
C̄ is itself a symmetry of the amplitudes, and therefore the r.h.s.

of (3.16) annihilates the amplitudes up to a term proportional to (−1)|C̄|[J1
Ā

C̄ , J1
C̄

B̄}. The

latter may be computed using (3.11), yielding

(−1)|C̄|[J1
Ā

C̄ , J1
C̄

B̄} = (−1)|C̄|(δC̄
C̄

J1
Ā

B̄ − (−1)(|Ā|+|C̄|)(|B̄|+|C̄|)δĀ
B̄

J1
C̄

C̄)

= δĀ
B̄

J1
C̄

C̄ = δĀ
B̄

c1 , (3.17)

where we have used the fact that, importantly, (−1)|C̄|δC̄
C̄

= 0 for u(2, 2|4) and that the trace

of J1 is equal to the central charge density c1, see (3.12). Since the central charge densities

ci annihilate the amplitudes we conclude that so does J (1) Ā
B̄ − J̃ (1) Ā

B̄ and therefore the

definition (3.13) is consistent with cyclicity of the amplitudes. Note that this emergence of

the central charge density is a peculiar property of u(m|m) superalgebras.

More generally one can say that, up to a term which is proportional to Ja, the difference

between J
(1)
a and J̃

(1)
a is given by

fa
cbfbc

dJ1d . (3.18)

For general (super)algebras this is proportional to J1a which is not a symmetry generator.

However for certain superalgebras the constant of proportionality is zero. As we show in

equations (A.29)–(A.30) in the appendix, this is the case for the algebras with vanishing

Killing form which are psl(n|n), osp(2n+2|2),D(2, 1;α), P (n), Q(n) [56, 57]. So the bilocal

formula (3.2) is consistent with the cyclicity of the chain for these superalgebras only.

2We thank Edward Witten for drawing our attention to this point.
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4 Conclusions and outlook

In this paper we showed that the dual superconformal symmetry found in [38], together with

the conventional superconformal symmetry of N = 4 SYM forms a Yangian symmetry. The

Yangian generators acting on the scattering amplitudes have exactly the same structure

as those relevant for the spectrum of anomalous dimensions of N = 4 SYM, at least at

tree level.

We conclude with some remarks and give an outlook.

In [14] it was shown that tree-level amplitudes have remarkable properties when written

in (super)twistor space. To obtain the amplitudes in this space, one usually performs a

Fourier transform with respect to the variables λ̃i and ηi. Here we will take a slightly

different definition and take a Fourier transform with respect to λi, i.e.

Ã(µi, λ̃i, ηi) =

∫

(

∏

i

d2λie
iλα

i µiα

)

A(λi, λ̃i, ηi) . (4.1)

We can think about the generators of the Yangian symmetry written in supertwistor space.

If we do this then the level zero generators J
(0)
a all become first order differential operators.

It is then clear from the formula for the level one generators (3.2) that the latter are given

by second order operators. Higher charges generated by commutation of the J
(1)
a will result

in yet higher order operators. Let us illustrate the above statements by explicit formulae.

The pairs (−i µα
i , λ̃α̇

i ) form homogeneous coordinates ZA′

i on twistor space. Combining the

twistors ZA′

i with the Grassmann coordinates ηA
i we obtain supertwistors ZĀ

i = (ZA′

i , ηA
i ).

The level zero generators of u(2, 2|4) take a particularly simple form in this language,

J (0)Ā
B̄ =

∑

i

ZĀ
i

∂

∂ZB̄
i

. (4.2)

The level one generators are then obviously second order operators acting on the Zi. They

can be written as

J (1)Ā
B̄ = −

∑

i>j

[

ZĀ
i ZC̄

j

∂

∂ZC̄
i

∂

∂ZB̄
j

− (i ↔ j)

]

. (4.3)

It is easy to write down similar formulae for higher level generators. An interesting absence

from this set of generators are order zero operators, i.e. multiplication operators. These

would be the relevant operators for describing the coplanarity/collinearity properties found

in [14].

Perhaps the most urgent question concerns the fate of the symmetries of the ampli-

tudes at loop level. Beyond tree level, infrared divergences appear, and the necessary

regularisation a priori breaks the Yangian symmetry. Nonetheless, in analogy with the

case of the spectrum of anomalous dimensions of N = 4 SYM, one might expect that the

Yangian symmetry is realised at loop level as well, where (at least some of) the Yangian

generators receive coupling-dependent deformations. For example, the dual conformal sym-

metry is expected to be broken in a way governed by an anomalous dual conformal Ward

identity [33, 37]. Although this Ward identity was initially derived for Wilson loops dual
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to MHV amplitudes, it was found in [38, 39] that the same Ward identity also holds for

one-loop NMHV amplitudes, and it was conjectured that it should hold for all amplitudes,

MHV and non-MHV. Therefore it seems natural to modify K ′
αα̇ by a coupling-dependent

piece which accounts for this anomaly. It would be very interesting to find out whether a

‘deformed’ Yangian symmetry is realised at loop level.

Assuming that the amplitudes at loop level have a ‘deformed’ Yangian symmetry one

may hope that perhaps the Yangian algebra implies some constraints on higher-point ampli-

tudes. In particular it is not impossible that such constraints could help to fix the two-loop

six-gluon MHV amplitude, which at the moment is known in terms of rather complicated

parametric integrals only [26, 28, 29, 58].

On-shell scattering amplitudes and the spectrum of anomalous dimensions of gauge-

invariant operators in N = 4 SYM exhibit hidden symmetries. Given these findings it

seems worthwhile to look for new symmetries of other objects in N = 4 SYM as well.

Indeed, a Yangian symmetry could have easily been overlooked in previous studies since

the higher-order Yangian generators are intrinsically non-local. It would be wonderful if

e.g. three- and four-point functions of gauge-invariant composite operators were governed

by a similar Yangian symmetry.
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A Formulae for both superconformal algebras

We begin by listing the commutation relations of the algebra u(2, 2|4). The Lorentz gener-

ators Mαβ , Mα̇β̇ and the su(4) generators RA
B act canonically on the remaining generators

carrying Lorentz or su(4) indices. The dilatation D and hypercharge B act via

[D, J] = dim(J) J, [B, J] = hyp(J) J. (A.1)

The non-zero dimensions and hypercharges of the various generators are

dim(P) = 1, dim(Q) = dim(Q) =
1

2
, dim(S) = dim(S) = −

1

2

dim(K) = −1, hyp(Q) = hyp(S) =
1

2
, hyp(Q) = hyp(S) = −

1

2
. (A.2)
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The remaining non-trivial commutation relations are,

{QαA, Q
B
α̇ } = δB

APαα̇, {SA
α , Sα̇B} = δA

BKαα̇,

[Pαα̇, SβA] = δβ
αQ

A
α̇ , [Kαα̇, Qβ

A] = δβ
αSα̇A,

[Pαα̇, S
β̇
A] = δβ̇

α̇QαA, [Kαα̇, Q
β̇A

] = δβ̇
α̇SA

α ,

[Kαα̇, Pββ̇ ] = δβ
αδβ̇

α̇D + Mα
βδβ̇

α̇ + Mα̇
β̇δβ

α,

{Qα
A, SB

β } = Mα
βδB

A + δα
β RB

A +
1

2
δα
β δB

A (D + C),

{Q
α̇A

, Sβ̇B} = M
α̇

β̇δA
B − δα̇

β̇
RA

B +
1

2
δα̇
β̇
δA
B(D − C). (A.3)

Note that in writing the algebra relations we are obliged to choose the su(4) chirality of

the odd generators. The relations above are valid directly for the dual superconformal

generators. For the conventional realisation of the algebra, one should simply swap all

su(4) chiralities appearing in the commutation relations. We now give the generators in

both the conventional and dual representations of the superconformal algebra. We will use

the following shorthand notation:

∂iαα̇ =
∂

∂xαα̇
i

, ∂iαA =
∂

∂θαA
i

, ∂iα =
∂

∂λα
i

, ∂iα̇ =
∂

∂λ̃α̇
i

, ∂iA =
∂

∂ηA
i

. (A.4)

We first give the generators of the conventional superconformal symmetry, using lower case

characters to distinguish these generators from the dual superconformal generators which

follow afterwards.

pα̇α =
∑

i

λ̃α̇
i λα

i , kαα̇ =
∑

i

∂iα∂iα̇ ,

m
α̇β̇

=
∑

i

λ̃i(α̇∂
iβ̇), mαβ =

∑

i

λi(α∂iβ) ,

d =
∑

i

[

1

2
λα

i ∂iα +
1

2
λ̃α̇

i ∂iα̇ + 1

]

, rA
B =

∑

i

[

− ηA
i ∂iB +

1

4
δA
BηC

i ∂iC

]

,

qαA =
∑

i

λα
i ηA

i , q̄α̇
A =

∑

i

λ̃α̇
i ∂iA ,

sαA =
∑

i

∂iα∂iA, s̄A
α̇ =

∑

i

ηA
i ∂iα̇ ,

c =
∑

i

[

1 +
1

2
λα

i ∂iα −
1

2
λ̃α̇

i ∂iα̇ −
1

2
ηA

i ∂iA

]

. (A.5)

We can construct the generators of dual superconformal transformations by starting with

the standard chiral representation and extending the generators so that they commute with

the constraints,

(xi − xi+1)αα̇ − λi α λ̃i α̇ = 0 , (θi − θi+1)
A
α − λiαηA

i = 0 . (A.6)
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By construction they preserve the surface defined by these constraints, which is where the

amplitude has support. The generators are

Pαα̇ =
∑

i

∂iαα̇ , QαA =
∑

i

∂iαA , Q
A
α̇ =

∑

i

[θαA
i ∂iαα̇ + ηA

i ∂iα̇], (A.7)

Mαβ =
∑

i

[xi(α
α̇∂iβ)α̇ + θA

i(α∂iβ)A + λi(α∂iβ)] , M
α̇β̇

=
∑

i

[xi(α̇
α∂

iβ̇)α + λ̃i(α̇∂
iβ̇)] ,

(A.8)

RA
B =

∑

i

[

θαA
i ∂iαB + ηA

i ∂iB −
1

4
δA
BθαC

i ∂iαC −
1

4
δA
BηC

i ∂iC

]

, (A.9)

D =
∑

i

[

− xα̇α
i ∂iαα̇ −

1

2
θαA
i ∂iαA −

1

2
λα

i ∂iα −
1

2
λ̃α̇

i ∂iα̇

]

, (A.10)

C =
∑

i

[

−
1

2
λα

i ∂iα +
1

2
λ̃α̇

i ∂iα̇ +
1

2
ηA

i ∂iA

]

, (A.11)

SA
α =

∑

i

[−θB
iαθβA

i ∂iβB + xiα
β̇θβA

i ∂
iββ̇

+ λiαθγA
i ∂iγ + xi+1 α

β̇ηA
i ∂

iβ̇
− θB

i+1 αηA
i ∂iB ] ,

(A.12)

Sα̇A =
∑

i

[xiα̇
β∂iβA + λ̃iα̇∂iA] , (A.13)

Kαα̇ =
∑

i

[xiα
β̇xiα̇

β∂
iββ̇

+ xiα̇
βθB

iα∂iβB + xiα̇
βλiα∂iβ + xi+1 α

β̇λ̃iα̇∂
iβ̇

+ λ̃iα̇θB
i+1α∂iB ] .

(A.14)

Here the summations go from 1 to n if we identify the dual superspace points (x1, θ1) =

(xn+1, θn+1). However, as was discussed in the text, if we want to act on an amplitdue as

a distribution, we need to consider (x1, θ1) 6= (xn+1, θn+1) instead. In this case the terms

involving derivatives ∂/∂xi and ∂/∂θi are summed from 1 to n + 1.

Note that if we restrict the dual generators Q̄, S̄ to the on-shell superspace they become

identical to the conventional generators s̄, q̄.

The fundamental representation of u(2, 2|4). First let us give the fundamental rep-

resentation of u(2, 2|4). This representation is given by (4|4) × (4|4) matrices. We will use

the notation EA
B to refer to a matrix which is zero everywhere except for the entry 1 in

row A and column B. We will denote the fundamental representation of of the generator

Ja by M [Ja]. Let us arrange all generators except d, c, b into a matrix. Then the non-zero

entries of these generators are given by

M













mα
β pα

β̇
qαB

kα̇
β mα̇

β̇ s̄α̇B

sAβ q̄
Aβ̇

rA
B












=







Eα
β − 1

2δα
β I Eα

β̇ EαB

Eα̇
β Eα̇

β̇
− 1

2δα̇
β̇
I Eα̇B

EAβ EAβ̇ EA
B − 1

4δB
A I






. (A.15)

This equation is to be read as

M [mα
β] =







Eα
β − 1

2Iδα
β 0 0

0 0 0

0 0 0






(A.16)
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and so on. The remaining generators are given by

M [d] =







1
2I 0 0

0 −1
2I 0

0 0 0






, M [c] =







1
2I 0 0

0 1
2I 0

0 0 1
2 I






, M [b] =







0 0 0

0 0 0

0 0 −1
2I






. (A.17)

One can easily check that these matrices obey the algebra relations.

The metric is defined by

gab = g(Ja, Jb) = str(M [Ja]M [Jb]). (A.18)

It satisfies

gba = (−1)|a|gab, gab = 0 if |a| 6= |b|. (A.19)

The non-zero components of the metric are

g(pα
β̇ , kγ̇

δ) = g(kγ̇
δ, p

α
β̇) = δα

δ δγ̇

β̇
, g(rA

B, rC
D) = −δD

A δB
C +

1

4
δB
AδD

C ,

g(mα
β,mγ

δ) = δα
δ δγ

β −
1

2
δα
β δγ

δ , g(mα̇
β̇
,mγ̇

δ̇
) = δα̇

δ̇
δγ̇

β̇
−

1

2
δα̇
β̇
δγ̇

δ̇
,

g(d, d) = 1, g(c, b) = g(b, c) = 1,

g(qαB , sCδ) = −g(sCδ, q
αB) = δB

C δα
δ g(s̄α̇B , q̄

Cδ̇
) = −g(q̄

Cδ̇
, s̄α̇B) = δB

C δα̇
δ̇
.

(A.20)

In fact it is convenient to use a different basis of generators. We will define the generators

yα
β = mα

β+
1

2
δα
β (d+c+b), yα̇

β̇
= mα̇

β̇
+

1

2
δα̇
β̇
(c+b−d), wA

B = rA
B−

1

2
δB
A b (A.21)

Then the fundamental representation is easy to write. We organise the generators into

a matrix

M [JA
B ] = M













yα
β pα

β̇
qαB

kα̇
β yα̇

β̇ s̄α̇B

sAβ q̄
Aβ̇

wA
B












= EA

B (A.22)

In this basis the non-zero components of the metric are

g(pα
β̇
, kγ̇

δ) = g(kγ̇
δ, p

α
β̇
) = δα

δ δγ̇

β̇
, g(wA

B, wC
D) = −δD

A δB
C ,

g(yα
β, yγ

δ) = δα
δ δγ

β , g(yα̇
β̇
, yγ̇

δ̇
) = δα̇

δ̇
δγ̇

β̇
,

g(qαB , sCδ) = −g(sCδ , q
αB) = δB

C δα
δ g(s̄α̇B, q̄Cδ̇) = −g(q̄Cδ̇, s̄

α̇B) = δB
C δα̇

δ̇
. (A.23)

We will denote the inverse metric by gab = g−1(Ja, Jb). It satisfies

gabg
bc = δc

a = gcbgba, gba = (−1)|a|gab. (A.24)

The non-zero components of the inverse metric are best written in the matrix basis,

g−1(pα
β̇
, kγ̇

δ) = g−1(kγ̇
δ, p

α
β̇
) = δδ

αδβ̇
γ̇ , g−1(wA

B , wC
D) = −δA

DδC
B ,

g−1(yα
β, yγ

δ) = δδ
αδβ

γ , g−1(yα̇
β̇
, yγ̇

δ̇
) = δδ̇

α̇δβ̇
γ̇ ,

g−1(qαB , sCδ) = −g−1(sCδ, q
αB) = −δC

Bδδ
α g−1(s̄α̇B , q̄

Cδ̇
) = −g−1(q̄

Cδ̇
, s̄α̇B) = −δC

Bδδ̇
α̇.

(A.25)
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We will raise and lower indices with the left index of gab or gab. Thus, we will define

the lowered structure constants,

fabc = fab
dgdc. (A.26)

The metric is invariant, i.e.

g([Ja, Jb], Jc) = g(Ja, [Jb, Jc]). (A.27)

Therefore we have

fabc = fbc
dgad = (−1)|a|fbca. (A.28)

Using these properties we find

fa
cbfbc

d = (−1)|d|fac′
bfd

bcg
c′c

= (−1)|d|+|c|fac
bfd

b
c (A.29)

This expression vanishes for certain super-algebras, including psu(n|n), due to the vanishing

of the Killing form,

Kab = str[ad(Ja)ad(Jb)] = (−1)|c|fac
dfbd

c. (A.30)

Let us now check that the formula

J (1)
a = fa

cb
∑

i<j

JibJjc (A.31)

agrees with our explicit expression for q(1). We find from (A.31)

q(1)αA = fqαA
cb

∑

i<j

JibJjc

= fqαAc′
bgc′c

∑

i<j

JibJjc (A.32)

The non-zero structure constants contribute the following terms,

fqαAq̄Bα̇

pβ
β̇g−1(q̄Bα̇, s̄γ̇C)

∑

i<j

pβ
i β̇

s̄γ̇C
j + fqαAkα̇

β

s̄γ̇C

g−1(kα̇
β, pγ

δ̇
)
∑

i<j

s̄γ̇C
i pγ

j δ̇

+ fqαAsBβ

yγ
δg−1(sBβ , qρC)

∑

i<j

yγ
i δq

ρC
j + fqαAyγ

δ

qǫE

g−1(yγ
δ, y

ρ
λ)

∑

i<j

qǫE
i yρ

j λ

+ fqαasBβ

wD
C

g−1(sBβ , qρE)
∑

i<j

wiD
CqρE

j + fqαAwB
C

qβD

g−1(wB
C , wF

E)
∑

i<j

qβD
i wjF

E

=
∑

i<j

[

pα
i α̇s̄α̇A

j + yα
i βqβA

j + wiB
AqαB

j − (j, i)
]

=
∑

i<j

[

pα
i α̇s̄α̇A

j + (mα
i β +

1

2
δα
β (di + ci + bi))q

βA
j + (riB

A −
1

2
δA
Bbi)q

αB
j − (j, i)

]

(A.33)

The terms involving the hypercharge density bj cancel out and we find agreement with

formula (3.6).
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