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ABSTRACT: Tree-level scattering amplitudes in N' = 4 super Yang-Mills theory have re-
cently been shown to transform covariantly with respect to a ‘dual’ superconformal symme-
try algebra, thus extending the conventional superconformal symmetry algebra psu(2,2|4)
of the theory. In this paper we derive the action of the dual superconformal generators in
on-shell superspace and extend the dual generators suitably to leave scattering amplitudes
invariant. We then study the algebra of standard and dual symmetry generators and show
that the inclusion of the dual superconformal generators lifts the psu(2,2|4) symmetry
algebra to a Yangian. The non-local Yangian generators acting on amplitudes turn out to
be cyclically invariant due to special properties of psu(2,2|4). The representation of the
Yangian generators takes the same form as in the case of local operators, suggesting that
the Yangian symmetry is an intrinsic property of planar N' = 4 super Yang-Mills, at least
at tree level.
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1 Introduction

The N = 4 supersymmetric Yang-Mills theory (SYM) [1] is a remarkable model of mathe-
matical physics. To begin with it is the gauge theory with maximal supersymmetry and it
is superconformally invariant at the classical and quantum level with a coupling constant
free of renormalisation. In its planar limit all observables of the SU(N) model depend
on a single tunable parameter, the 't Hooft coupling A. Moreover the theory is dual to
superstring theory on AdSs x S° in the sense of the AdS/CFT correspondence [2]. In
recent years we have seen formidable progress in our understanding of this most symmet-
ric AdS/CFT system due to its hidden integrability [3-5]. The first hints of integrable
structures in planar QCD appeared in the study of high-energy scattering processes [6, 7].
In N =4 SYM integrability has been observed in the study of anomalous scaling dimen-
sions of gauge invariant local operators and in the spectral problem of the classical and
quantum AdSs x S° string. On the gauge theory side the problem of finding the all-loop
scaling dimensions can be mapped to the eigenvalue problem of a long-range integrable
spin chain model, which in turn is governed by a nested set of Bethe equations [8] (see [9]
for reviews), for recent progress see [10]. Here the spin chain Hamiltonian - alias the di-
latation operator - acts on the chain of fundamental fields - the ‘spins’ - inside the trace
of the local operator. Integrability refers to the existence of an infinite set of charges,
which are in involution, and contain the Hamiltonian of the system. Integrability on the
string side has been established at the level of the classical theory, where again an infinite
set of conserved charges may be constructed [5, 11]. A number of positive tests of the
Bethe equations in the strong coupling limit have been performed in various perturbative
studies of the quantised AdSs x S° string, see e.g. [12]. A natural question following these
tremendous advances is, what implications integrability has beyond the realm of two-point
functions of local operators or, respectively, the excitation spectrum of superstrings in an

AdS5 x S° background.



Parallel and initially unrelated progress has been made in the study of on-shell scat-
tering amplitudes in N/ = 4 SYM. Maximally helicity violating (MHV) n-gluon scattering
amplitudes at tree-level have a very simple form when expressed in the spinor helicity
formalism [13]. As shown by Witten [14] at tree level there is an interesting perturba-
tive duality to strings in twistor space. This inspired the development of recursive tech-
niques to construct tree-level gauge theory amplitudes known as the BCFW recursion
relations [15, 16]. At the level of loop corrections Bern, Dixon and Smirnov (BDS) [17]
conjectured an all-loop form of the MHV amplitudes in A/ = 4 gauge theory, based on an
iterative structure [18] found at lower loop levels employing on-shell techniques [19, 20]
(see [21] for a recent review). The form of this conjecture was dictated by the tree-level
and one-loop structure and the cusp anomalous dimension, a quantity which is simultane-
ously the leading ultraviolet singularity of Wilson loops with light-like cusps [22-24] and
the scaling dimension of a particular class of local operators in the high spin limit. Due
to this latter property it may be obtained from the above mentioned Bethe equations. In
fact the BDS conjecture is now known to fail at two loops and six points [25-29] but the
deviations from it are constrained by a novel symmetry, dual conformal symmetry, which
we will now discuss.

The dual string theory prescription for computing scattering amplitudes was proposed
in [30]. There, the problem of computing certain scattering amplitudes at strong coupling
was mapped via a T-duality transformation to that of computing Wilson loops with light-
like segments. The strong coupling calculation of [30] is insensitive to the helicity structure
of the amplitude being calculated. At weak coupling however, it was found that light-like
Wilson loops are dual to MHV amplitudes, as was demonstrated for n = 4,5,6 gluons
scattering up to two-loop order [31-33]. A direct implication of this Wilson loop/MHV
amplitude duality is the existence of a novel ‘dual conformal’ symmetry of the amplitudes,
for which hints had appeared at the level of loop integrals contributing to the ampli-
tudes [34-36]. This symmetry has its interpretation as the ordinary conformal symmetry
of the Wilson loops [33, 37]. Indeed the two-loop, six-point calculations of [26, 28, 29]
showed that the amplitude and the Wilson loop both differ from the BDS conjecture by
the same function of dual conformal invariants. This symmetry extends naturally to dual
superconformal symmetry when one considers writing all amplitudes (MHV and non-MHYV)
in on-shell superspace [38, 39]. In particular, tree-level amplitudes are covariant under dual
superconformal symmetry. On the string side this symmetry can be seen to arise from the
combination of a bosonic and a novel fermionic T-duality transformation of the AdSs x S°
superstring onto itself. This transformation maps the dual superconformal symmetry of
the original theory to the ordinary superconformal symmetry of the dual model, thereby
providing another indication for the dual superconformal symmetry of planar scattering
amplitudes [40, 41].

For tree-level amplitudes, dual superconformal symmetry was verified recursively [42]
by employing a supersymmetrised version [42-44] of the BCFW recursion relations [15, 16].
In fact the supersymmetric recursion relations can be explicitly solved to obtain a closed
form for all tree-level amplitudes in N/ = 4 SYM [45]. The expression thus obtained is
given by a sum over dual superconformally covariant quantities.



The natural question arising from these two symmetry algebras is, what mathematical
structure arises, when one commutes generators of the superconformal and dual super-
conformal algebras with each other? One would indeed expect to generate an infinite-
dimensional symmetry algebra as a manifestation of the integrability of the theory. We
shall show in this paper that a Yangian symmetry of scattering amplitudes appears, at least
at tree level. We take our inspiration from the discussion of the behaviour of the infinite
tower of charges in the sigma model in references [40, 41].! There it was shown how the
combination of bosonic and fermionic T-dualities maps the charges of the original model
into the charges of the T-dual model. In this way dual superconformal symmetry can be
identified with certain non-local charges which map to local ones. Yangian symmetry has
been observed in other instances of the AdS/CFT system, at strong coupling in string
theory [5], at weak coupling in the gauge theory [47, 48], perturbatively in the spin-chain
picture [49], as well as in the AdS/CFT S-matrix [50]. These occurrences have all been
connected to the integrable spin chain picture and its ‘world-sheet’ S-matrix of magnon
scattering along the chain. Traditionally Yangian symmetry is connected to integrable 2d
field theories or spin chains, for reviews see e.g. [51]. However it is reasonable to expect
that scattering amplitudes should exhibit such a symmetry, as suggested in [14]. Remark-
ably, we indeed find the emergence of a Yangian structure at the level of the gauge theory
scattering amplitudes (i.e. the spacetime S-matrix). As we shall see we may again associate
a ‘spin-chain’ picture to the case of scattering amplitudes, where the ‘sites’ are identified
with the on-shell external fields in the colour ordered amplitude. This chain is by definition
periodic and cyclically invariant. The Yangian generators act non-locally along this chain
and, as we shall show, are also cyclic invariant when acting on a scattering amplitude due
to the special properties of the underlying psu(2,2|4) Lie superalgebra. We would like
to stress this fact as commonly Yangian symmetry is violated by finite length systems,
which is not the case for our specific representation. This is of central importance for us,
as typical scattering amplitudes are of short ‘length’ with the order of, say, n = 4,5,6
particles involved.

Outline. In section 2, after summarising our conventions for writing amplitudes in on-
shell superspace, we review how the conventional and dual superconformal symmetries are
realised on the amplitudes. Then, in section 3, we study the closure of the conventional and
dual superconformal algebras, and find that one obtains a Yangian algebra. Section 4 con-
tains the conclusions and an outlook. The definitions of all generators of the conventional
and dual superconformal algebras as well as their commutation relations are collected in
an appendix.

2 Properties of scattering amplitudes

In this paper we consider colour-ordered partial amplitudes, and we use the spinor-helicity
formalism (for a review, see e.g. [53]), where the on-shell momenta p!' of the i’th particle

"'We thank Niklas Beisert for important comments on this point, see also [46].



(with p? = 0) are written as a product of commuting spinors,
P () = pf = AFAT. (2.1)

For contractions between spinors we will use the standard notation (ij) = A¥A;4. The
spinors A and X are defined only modulo a complex rescaling A\ — a\, A — a~!A. The
scaling weight is the helicity and is normalised so that A has helicity —% and A has helic-
ity —i—%.

2.1 Amplitudes in on-shell superspace and superconformal symmetry

Recall that using Grassmann variables n*, where A is an SU(4) index, we can define a
super-wavefunction

1 1 _
D(p,n) = GF(p) + T a(p) + 5?7AUBSAB(p) + gnAnB n®eapcpl? (p)

1 _
7 0 neanenG (), (2.2)

which incorporates as its components all on-shell states of N' = 4 SYM. For example, G (p)
and G~ (p) correspond to helicity plus and helicity minus gluons, respectively, with ingoing
momentum p”. The Grassmann variables 7 carry helicity —i—% so that the whole multiplet
carries helicity +1. Since the N/ = 4 supermultiplet is PCT self-conjugate, we could have
equally chosen an anti-chiral representation (see [38, 39] for more explanations).

We can write the amplitudes in the on-shell superspace with coordinates (\;, i, n;) [14,

54, 55],

ANy Xiymi) = A(Q1...2,) . (2.3)
Since the helicity of each supermultiplet @; is 1 then the amplitude obeys
hidn (Nis Ny mi) = An(Niy Niy i) 4 (2.4)
where 1,0 1.0 1,0
hi = —5)\?3—)\? + 5)\?6—5\? + 5 oA (2.5)

is the ith helicity operator. The amplitude is a distribution,

sW(p)s® (q) ;
n = m%(/\iw,m% (2-6)

where the delta functions are consequences of translation invariance and supersymimetry,
n n

P =, =) gt with gt = a0t (2.7)
i=1 i=1

The function P, (\;, i, 7;) is a polynomial in the 7;, with terms of Grassmann degree 4m
corresponding to NMHYV amplitudes. The first term in P, (A;, S\i, ;) is equal to 1, so that
we recover the well-known formula for MHV amplitudes [54],

MHV __ 5@ (P)5(8) (Q)

SRR RRTIE =



An explicit expression for P, (\;, i, ;) for all non-MHYV tree-level amplitudes can be found
in [45]. The function P, (\;, A, 7;) is constrained by the fact that (at least at tree-level)
the amplitude should be annihilated by all generators of the conventional superconformal
algebra (the explicit form of the generators in the on-shell superspace was given in [14]).
Let J(© denote the conventional superconformal generators satisfying

T, 70 = fuc T, (2.9)

where fg,© are the structure constants of the psu(2,2|4) algebra and the mixed brackets
[-,-} denote the graded commutator defined in the usual way, i.e.

(01,05} = 0104 — (—1)d8(01)dee(02) ), 0, (2.10)

Here deg(O) is the Grassmann degree of O.
The generators Jao are in fact sums of generators acting along the chain of colour-
ordered scattered particles,

JO=3"J (2.11)
i=1

and we call J (0)

i
der constraint,

the density of the generator J,§°). In particular we have the second or-

9 0

— 2.12

n
koo An =0, koo =Y kias =

i=1 1=
where k. is the generator of special conformal transformations. The expressions for the
remaining generators of the conventional superconformal algebra are given in the appendix.
We will use the superscript zero for the level zero generators to distinguish them from higher
level generators to be defined below. In some formulae, like in (2.12), this superscript will
be omitted for the level zero generators for the sake of legibility.

We can trivially extend psu(2,2[4) to su(2,2]4) by including the central charge ¢ which
is related to the total helicity via ¢ = > | (1—h;) and therefore annihilates the amplitudes,
as can be seen from equation (2.4). In fact this is also true for the density ¢; which is related
to the helicity generators via ¢; = 1 — h;. We can further extend to u(2,2|4) by including
the hypercharge b, but we must remember that this is not a symmetry of the amplitudes.
Thus we can take the structure constants fu;,¢ to be those of u(2,2|4).

2.2 Dual superconformal symmetry

It has become clear recently that amplitudes have an additional symmetry, dual super-
conformal symmetry [38]. This symmetry is most conveniently seen by introducing dual

variables x; and 6,,

(i — Zit1)aa — Nia Aia =0, (0; — 0i1)2 = Niamt = 0. (2.13)

For now, we will identify the dual superspace points (z,,41,0n+1) and (x1,6;), as suggested
by momentum conservation and supersymmetry. However, we will come back to this issue
momentarily and explain why it is more appropriate to consider (41, 0n+1) # (1,01).



First we recall how the generators of the dual superconformal algebra are con-
structed [38]. We begin with the dual coordinates z; and ;. On this chiral superspace, the
conformal generator reads

ac'v_n afB B 0 afb paB 0
K —;[aﬂz x; —a @B—HUZ' 0; 892@9 . (2.14)

The action of the dual conformal generator on the variables (A, S\f‘,nzA) is found by ex-
tending (2.14) so that it commutes with the constraints (2.13) modulo constraints. In other
words it is constructed so that it preserves the surface defined by (2.13). There is a choice
in how to do this related to how the conformal transformation of )\; is split up between
the points z; and x;+1. The choice we will make (as in [38]) associates \; entirely with the
point z; and S\Z with the point z; 41,

ad . aB af 0 ozﬁ aB ap ai op a Yo 9 & 9
K —;[x vy’ — s+, %BBH S Y. +af N — pr AGHI&B (2.15)

z; i

We can obtain all generators of the dual superconformal algebra in the same way. For our

purposes it will be useful to recall here the form of the superconformal generator S4,

n

S z;[ 07 074 39%3 xmﬁeff“az + Nial] ai;* + 21 oPh iﬁ 608 | it 683} :
(2.16)

The expressions for the remaining generators of the dual superconformal algebra are given

in the appendix. It will be sufficient for us to consider K°* and S2 since the other gener-

ators of the dual superconformal algebra can be seen to be trivially related to generators

of the conventional superconformal algebra.

Recall [38] that we can act on the amplitude as a distribution by introducing an
additional point (zy4+1,0n+1) # (x1,61). Then the terms in the generators which depend
on 9/0x; or 9/00; (i.e. the first two terms in (2.15) and (2.16)) are summed up to n + 1.
From the dual space perspective this means that the chain of points no longer forms a
closed loop but rather an open curve. The delta functions § (p)é(g)(q) appearing in a
generic super-amplitude, c.f. (2.6), can then be written as 6 (z; — 2,41)6®) (8 — 6,41)
and hence reimposes the closure of the loop which is thus a consequence of translation
invariance and supersymmetry.

The product 6* (p)d® (q) = 6® (21 — 2,11)0® (A1 — H,41) can be seen to be dual
superconformally invariant [38]. The full amplitude is dual superconformally covariant,
with the conformal weights coming exclusively from the denominator (12) ... (nl),

n n
KAy ==Y i Ay, SHAL == 00 A,. (2.17)
i=1 i=1
The operators which annihilate the amplitude are therefore
~ . . n . ~ n
K=K+ af® and S =50 +> 6. (2.18)
i=1 i



We want to consider the commutation of the charges which annihilate the amplitude in
both the conventional and dual superconformal algebras. To do this we must bring K and
S to a form where they only act on the on-shell superspace coordinates (N, S\i,m). First
we will use the constraints (2.13) to eliminate the dual variables z; and 6; for 2 < <n+1
in favour of the on-shell superspace coordinates,

=g TANNG 0 =00t =D At for 2<i<n+tl, (2.19)

7<t 7<t

so that the terms acting on the eliminated variables can be dropped. The terms which
act on x1; and ) can also be dropped because, once x3,...,T,+1 and 6s,...,6,11 have
been eliminated, the dual translation invariance and dual supersymmetry of the amplitude
simply state the independence of the amplitude on x and 64,
Poo Ay = 0 A, = A, 0 —An
adIn — 63:—‘1)“"‘ n =0, Qaa aaaA =0. (220)
Indeed we know from the start that the amplitude can be written so that it only depends
on the on-shell superspace coordinates (\;, i, 7;). Thus we keep only the final three terms
in both (2.15) and (2.16).
Then if we inspect the remaining terms in K and S in equation (2.18) which depend
on z1 and 0y we see that they annihilate the amplitude by themselves. For example, if we
look at S we find the following terms which depend on z; and 61,

n

0 0 0
«9?’4)\@@ 91a n; + T1a mAT - afa] =
;[ 28 anP N’

1 .
— 93( —0amY o + 5535§(d +¢) + 5grAB> + xlaﬁqg . (2.21)

Here we use the notation m, d, ¢, r, ¢ for the generators of the superconformal algebra whose
explicit forms are given in the appendix. Since all terms on the r.h.s. of (2.21) are propor-
tional to generators of the original superconformal algebra, they annihilate the amplitude.
The remaining terms in K and S contain only the on-shell superspace coordinates (\;, S\i, ;)
and derivatives with respect to them. We will call these symmetry generators K’ and S’,

n [i-1
K' = —Z; X;AfX?Aaf + Z)\O‘)\ﬁ)\o‘— + Z)\O‘)\J ! a anF Z)\O‘)\O‘ :
=1 | J= i

(2.22)

n _i—l ’l
IA_ B 8
Sa __Z Z)\«/ )‘Zaa)\v+z)‘]a)‘ U ﬁ_]zl)‘m jnz an B+Z)‘1a77j

i=1 | j=1 7

(2.23)

That these operators are symmetries is the expression of dual superconformal symmetry
purely in terms of the data defining the scattering amplitudes.



We could equivalently have arrived at the form of K’ and S’ by noting that K and S
commute with the dual translation generator P,s; and the dual supersymmetry generator
Qo4 modulo terms which themselves annihilate the amplitude. Therefore we could simply
use the latter to set x; and 6 to zero in (2.18), immediately leading to (2.22) and (2.23).

3 Yangian symmetry

What happens when we commute the generators of the conventional and dual superconfor-
mal symmetries to obtain higher charges which are realised on the amplitudes? The answer
is that the closure of the two symmetry algebras defines a Yangian algebra. We will show
presently that the dual superconformal generators are equivalent to level one generators
J) that are symmetries of the amplitudes and that satisfy

I, By = fat I (3.1)
The level one generators are defined by

JW =52 N JP Y (3.2)

je
1<i<j<n

where £, is obtained from f,,¢ by raising and lowering indices with the metric gy, of the
algebra. Further they satisfy the following relation (Serre relation)

[J(l) [J 0)}}+( )Ia\(lbl+\6|)[J(1) [J(l J(O P+ (-1 )C|(‘a|+‘b‘)[Jc(1)’[J(gl)7jéo)}}
= p(—1)lrlmH Il g O g0 g O L m g m gt (3.3)

Here we use the mixed brackets [-,-} to denote the graded commutator, as before, and the
symbol {-, -, -] to denote the graded symmetriser. The index gradings denote the Grassmann
degree of the corresponding generators, i.e. |a| = deg(J,) etc. The constant h is dependent
on conventions.

The conditions under which (3.2) is sufficient to give a representation of the Yan-
gian (i.e. that the level one generators obey the Serre relation) were discussed in detail
in [48]. A sufficient condition is that the adjoint appears only once in the tensor product

(0)

of the representation of the single-site level-zero generators J;,” with its conjugate. The
representation of interest here, namely the on-shell gluon supermultiplet, does satisfy this
property [48]. Therefore to show that the tree-level amplitudes have a Yangian symmetry
it will be sufficient to show that dual superconformal symmetry implies invariance under
the generators Ja(tl) given in (3.2).

Let us start with constructing the level one supersymmetry generator q(l)é. Looking
at formula (3.2) we expect to find terms of the form myq;, diqj, pi5;, ¢ir; and c;q; (all
antisymmetrised on 7 and 7). Recall that here we are using the notation m; for the density
of the Lorentz generator m and similarly for the other generators of the superconformal
algebra whose explicit forms are given in the appendix. The central charge density c;

appears because certain elements of the metric are off-diagonal. In particular we have



9sq 7 0, gpe # 0, fo® # 0 and hence 0 # f9¢, = — f,9°. Since c is central b will never appear
on the r.h.s. of (3.2).

We would like to show that the dual superconformal symmetry generator S &4 is related
to the level one supersymmetry generator q&l)A. To see that this is the right way to attempt
to identify dual superconformal symmetry with the Yangian symmetry, it suffices to note
that this is the only generator of u(2,2|4) having the same labels as SA, namely a chiral
Lorentz spinor index and an upstairs su(4) index.

We know that dual superconformal symmetry implies that the amplitude is annihilated
by the operator S’, given in equation (2.23). Looking at (3.2) we note that f,® has the
symmetry property f,° = —(—1)Pllclf,%¢ where |a| is zero (one) for a corresponding to a
bosonic (fermionic) generator. We can match this symmetry property by anti-symmetrising
the indices ¢ and j under the sum in (2.23). This can be achieved by adding to S:XA the term

1 1
ASY = 3 qvmy+qa2dx+nqa+pﬁs +qirg — q(i‘zdn, (3.4)

where dy = ), )\fa% and d, = ), 7723617% are counting operators. In (3.4) they always

appear multiplied by qé‘ such that all operators in (3.4) annihilate the amplitudes, and
hence we have the freedom of modifying S;A in this way.
After a short calculation we obtain

/ 1
A A A _A . .
Sa + AS& = 5 Z [mZaqu (d + Cl)q]a +pzﬁa ],3 + Qza _]B (Z A ])
1>7

n
1
+>ghai— 2l (35)
=1

We will now argue that the terms in the second line of (3.5) annihilate the scattering
amplitudes on their own and we may therefore drop them. Indeed, for the second term
this is obvious, and from the discussion in section 2 we already know that not only ¢, but
also the density ¢; annihilates the amplitudes. So we can make the definition

= 3 [t~ S+ b+ vl -G a)| G0
1>)

Here we have included an extra overall factor of 2 for convenience. By construction q& )4

annihilates all tree level scattering amplitudes, and it contains as an essential part the dual

generator S,

We will now show that (3.6) is exactly of the form (3.2). This can be done by computing
the structure constants £, in (3.2) for a corresponding to ¢7'. We do this explicitly in the
appendix (see equations (A.31), (A.32), (A.33)). Here we prefer to give a simpler derivation
by noting that we have found precisely the types of terms we expected from (3.2). Therefore
we only need to check that the relative coefficients in (3.6) are correct. We will do this by
verifying the algebra relations (3.1). To begin with, the equations

(g4 58 =0, ¢V pP =0, (3.7)



fix all the relative coefficients in (3.6) to take the values given there, except for the cq term.
Since ¢ is a central charge it does not appear on the Lh.s. of any commutation relation.
Nevertheless, we can check its coefficient in (3.6) by verifying the algebra relations (3.1),
as we will see presently. In order to do this, we compute

{QS)A, dapt = 52;1298(5)” (3.8)
and obtain
Pad =2 sza@z + 500 — dﬁl%) Pjvy + Tiac e — (i = j)] : (3.9)

>]
Now we are in a position to verify selfconsistently that

P, 54] = 8lg04 . (3.10)

Indeed, the qél)A we find from (3.10) is exactly (3.6), which confirms the coefficient of the

cq term there.

This completes the proof that (3.6) is equivalent to the corresponding case in (3.2),
up to the overall normalisation. We remark that the structure of the su(2,2|4) algebra is
such that, given g, we can obtain all other level one generators from the relations (3.1).
From [47, 48] we then know that (3.1) and the Serre relations are satisfied, such that the
symmetry operators of the amplitudes form a Yangian algebra. We remark that p() is re-
lated to the dual generator K in a way very similar to how ¢(V4 is related to S 'A_ Therefore
no further new generators appear from commuting the Yangian generators with K "

Before concluding we give a convenient (super-)matrix form of the Yangian generators.
Introducing super-indices A = (a, ¢, A) we can define (4/4) x (4/4) super-matrices JZ-AB
satisfying the u(2,2[4) (anti)commutation relations (for i = j)

i, J;p) =05 |05 I p — (—1)AHIBICHPD A 7.6 L1 (3.11)

where we have introduced the index-gradings |a| = |&| = 0 and |A| = 1. One can show
that the definition

9i*Xig 0;0;5 0;"0ip

JZ‘AB = 5\2‘0.‘)\1'[3 5\206825 5\2‘0.‘({91'3 (3.12)
ni g 77@"43@'5 040
mag—%(;gf (d+%c—it) k;O‘B SaB
— s md5+%5§(d—%c+it) 7
s 5 —rp — 305 (3¢ +31)/

satisfies (3.11). Here we used a shorthand notation for the derivatives, c.f. (A.4), and ¢;
is the super-trace of the matrix. It can be identified with the hypercharge b;, but the
definition of b; is arbitrary in that one can add an arbitrary amount of the central charge
and a constant. So the general expression for the hypercharge is b; = t; + nic; + ns. The
explicit expression for ¢; in (3.12) is t; = 2 — X\;70;4 + Xﬂ@m —n;%9ic.
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We can now write down the level one generators using the super-matrix notation. They
take the form .
JWAG ==Y (- V(AT s — T E) (3.13)
1>]
which can be seen to be equivalent to (3.2). An advantage of the (super-)matrix formulation
is that using (3.11) it is straightforward to compute (anti-)commutators involving Yangian
generators. For example, we can easily verify that (3.13) obeys the Yangian relation (3.1),

AL JCoy =5 gM A (1) (AIHB)CIHDDGA F1C (3.14)

Let us comment on the consistency of the level one Yangian generators defined by (3.2)

2

with the cyclicity of the scattering amplitudes.” Let us consider the definition we would

obtain if we rotated the chain of points cyclically by one step,

TV =12 Tade. (3.15)

2<i<j<n+1

Here we identify J,11, with Ji,. Since the amplitudes are cyclic, both JC(LI) and ja(tl)
should annihilate the amplitudes and hence so should their difference. In the super-matrix

notation it is easy to evaluate this difference,
p—JWAg = =2 ()T I 5 = T T B)- (3.16)

Here >}, JkAé = JAC is itself a symmetry of the amplitudes, and therefore the r.h.s.
of (3.16) annihilates the amplitudes up to a term proportional to (—1)I¢1[.J;44, J;¢ 5}. The
latter may be computed using (3.11), yielding

(DA, 1 p) = (—1)CU G A A — (~1)(AHEDIBHCN 52 5,C o)
5AJ1 @:5201, (3.17)

where we have used the fact that, importantly, (—1)'6‘55; = 0 for u(2,2[4) and that the trace
of Jj is equal to the central charge density ¢, see (3.12). Since the central charge densities
¢; annihilate the amplitudes we conclude that so does JW A5 — J)A 5 and therefore the
definition (3.13) is consistent with cyclicity of the amphtudes. Note that this emergence of
the central charge density is a peculiar property of u(m|m) superalgebras.
More generally one can say that, up to a term which is proportional to J,, the difference
between Ja(tl) and jc(Ll) is given by
Fa focTra - (3.18)

For general (super)algebras this is proportional to Ji, which is not a symmetry generator.
However for certain superalgebras the constant of proportionality is zero. As we show in
equations (A.29)—(A.30) in the appendix, this is the case for the algebras with vanishing
Killing form which are psi(n|n), osp(2n+2|2), D(2,1; ), P(n),Q(n) [56, 57]. So the bilocal
formula (3.2) is consistent with the cyclicity of the chain for these superalgebras only.

2We thank Edward Witten for drawing our attention to this point.
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4 Conclusions and outlook

In this paper we showed that the dual superconformal symmetry found in [38], together with
the conventional superconformal symmetry of N' = 4 SYM forms a Yangian symmetry. The
Yangian generators acting on the scattering amplitudes have exactly the same structure
as those relevant for the spectrum of anomalous dimensions of A" = 4 SYM, at least at
tree level.

We conclude with some remarks and give an outlook.

In [14] it was shown that tree-level amplitudes have remarkable properties when written
in (super)twistor space. To obtain the amplitudes in this space, one usually performs a
Fourier transform with respect to the variables \; and n;. Here we will take a slightly
different definition and take a Fourier transform with respect to \;, i.e.

Alpais iy mi) = /(H dQ)\z‘GM?“"")A()\i,Smm)- (4.1)

We can think about the generators of the Yangian symmetry written in supertwistor space.
If we do this then the level zero generators J(go) all become first order differential operators.
It is then clear from the formula for the level one generators (3.2) that the latter are given
by second order operators. Higher charges generated by commutation of the JC(LI) will result
in yet higher order operators. Let us illustrate the above statements by explicit formulae.
The pairs (—i pf, 5\?‘) form homogeneous coordinates ZZAI on twistor space. Combining the
twistors Z;'" with the Grassmann coordinates 7;* we obtain supertwistors ZZA = (Z& n).
The level zero generators of u(2,2|4) take a particularly simple form in this language,

i 0
JOoA_ _N“zA 7 4.2

The level one generators are then obviously second order operators acting on the Z;. They
can be written as

i ia 0 0 ) .
J(l)AB - Z ZZAZ]CE@ — (1 — ]) . (43)
1>] 1 J

It is easy to write down similar formulae for higher level generators. An interesting absence
from this set of generators are order zero operators, i.e. multiplication operators. These
would be the relevant operators for describing the coplanarity /collinearity properties found
in [14].

Perhaps the most urgent question concerns the fate of the symmetries of the ampli-
tudes at loop level. Beyond tree level, infrared divergences appear, and the necessary
regularisation a priori breaks the Yangian symmetry. Nonetheless, in analogy with the
case of the spectrum of anomalous dimensions of A" =4 SYM, one might expect that the
Yangian symmetry is realised at loop level as well, where (at least some of) the Yangian
generators receive coupling-dependent deformations. For example, the dual conformal sym-
metry is expected to be broken in a way governed by an anomalous dual conformal Ward
identity [33, 37]. Although this Ward identity was initially derived for Wilson loops dual

- 12 —



to MHV amplitudes, it was found in [38, 39] that the same Ward identity also holds for
one-loop NMHV amplitudes, and it was conjectured that it should hold for all amplitudes,
MHV and non-MHV. Therefore it seems natural to modify K/ , by a coupling-dependent
piece which accounts for this anomaly. It would be very interesting to find out whether a
‘deformed’ Yangian symmetry is realised at loop level.

Assuming that the amplitudes at loop level have a ‘deformed’ Yangian symmetry one
may hope that perhaps the Yangian algebra implies some constraints on higher-point ampli-
tudes. In particular it is not impossible that such constraints could help to fix the two-loop
six-gluon MHV amplitude, which at the moment is known in terms of rather complicated

parametric integrals only [26, 28, 29, 58|.

On-shell scattering amplitudes and the spectrum of anomalous dimensions of gauge-
invariant operators in N' = 4 SYM exhibit hidden symmetries. Given these findings it
seems worthwhile to look for new symmetries of other objects in NV = 4 SYM as well.
Indeed, a Yangian symmetry could have easily been overlooked in previous studies since
the higher-order Yangian generators are intrinsically non-local. It would be wonderful if
e.g. three- and four-point functions of gauge-invariant composite operators were governed

by a similar Yangian symmetry.
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A Formulae for both superconformal algebras

We begin by listing the commutation relations of the algebra u(2,2|4). The Lorentz gener-
ators Mg, M &8 and the su(4) generators R4z act canonically on the remaining generators
carrying Lorentz or su(4) indices. The dilatation D and hypercharge B act via

D, J] = dim(J) J, [B,J] = hyp(J) J. (A.1)

The non-zero dimensions and hypercharges of the various generators are

dim(P) = 1, dim(Q) = dim(@) = 5, dim(S) = dim(§) = —%
GmE) =1, hp@=hp@=5 W@ =hpE)=-3 (42
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The remaining non-trivial commutation relations are,

{QaAa@dB} = 5519010'” {SéagdB} = 5§Kada
_A —_
[Paa, $7] = 65Q%, Ko, Q4] = 0584,
[Pad,gi] = 6§QGA? [Kada@ﬁA] — 55821,

[Kad’[pﬁﬁ] = 5§5§D + Maﬁég _|_MO./35§’
1
{Q4,8F} = M35 + 03R4 + 50365(D + C),

—GdA = ~— & 1 &
{Q",S;5} =M 305 —5BRAB+§555§(ID>—(C). (A.3)

Note that in writing the algebra relations we are obliged to choose the su(4) chirality of
the odd generators. The relations above are valid directly for the dual superconformal
generators. For the conventional realisation of the algebra, one should simply swap all
su(4) chiralities appearing in the commutation relations. We now give the generators in
both the conventional and dual representations of the superconformal algebra. We will use

the following shorthand notation:

0 0 0 0 0

8iozd:—-a 10A = S A az = s aid:T, 82 = —. A4
Do 4 gA A A7 oA (A4)

We first give the generators of the conventional superconformal symmetry, using lower case
characters to distinguish these generators from the dual superconformal generators which
follow afterwards.

Pr =D AT, koo = Y Oiadia

My = Z Nia i) Mag = Z Aiaig) »

d= Z E)\?@'a + %5\?@'@ + 1} ; rip = Z [— 0\ ip + i&%‘mcaic ;
¢t = Al gh=> Ao,
Sad = _ Diadia, S4=> n'0a,

c= Z [1 + %Af‘@m — %X?am — %n;‘ai } : (A.5)

We can construct the generators of dual superconformal transformations by starting with
the standard chiral representation and extending the generators so that they commute with

the constraints,

(i — Zit1)ae — Nia Xia =0, (0; — i) — Niami = 0. (A.6)
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By construction they preserve the surface defined by these constraints, which is where the
amplitude has support. The generators are

_A @
Pos = Z Oiad » Qan = Z DiaA , Qs = Z[az A0ica + i i), (A7)
e} A Fvi o 3
My = Z[%’(a digya + (0 0ig)a + Aia0ig)) M= Z[%’(a Oipya T Nialip)l
(A.8)
[ o 1 (63 1
RAp = Z _Hi Aian +ni'0ip — Z5§9i ©Oinc — Z5§m03ic} ; (A.9)
I . 1 1 1~
D = — 280 — =080i04 — AP Oia — A Dia | Al
7 Diai — 5001 Dian — N0 2)\28] (A.10)
! 1<, 1,
_ _ a9, N\ 1 2o, A1l
C - | 2)\1 8ZOC+2)\Z aza+2771 al :| 9 ( )
S = D050 0 + 0 070,55 + Nial] Oiy + wis1 o 0,5 — 081 o Din)
(A.12)
Saa = Z[%aﬁ@m + NiaOial , (A.13)

i
Koo = Z[ﬂ%aﬁﬁﬂmﬁaﬂw + 26050158 + ia” XiaOip + Tit1 aﬁj\z‘a@w + XiabP 1 00iB) -
i
(A.14)
Here the summations go from 1 to n if we identify the dual superspace points (z1,61) =
(Tpn+1,0n+1). However, as was discussed in the text, if we want to act on an amplitdue as
a distribution, we need to consider (z1,601) # (Zn+1,0n+1) instead. In this case the terms
involving derivatives 0/0z; and 0/00; are summed from 1 to n + 1.
Note that if we restrict the dual generators @, S to the on-shell superspace they become
identical to the conventional generators s, q.

The fundamental representation of u(2,2|4). First let us give the fundamental rep-
resentation of u(2,2[4). This representation is given by (4]4) x (4]|4) matrices. We will use
the notation EAQ to refer to a matrix which is zero everywhere except for the entry 1 in
row A and column B. We will denote the fundamental representation of of the generator
Jo by M|[J,]. Let us arrange all generators except d, ¢, b into a matrix. Then the non-zero
entries of these generators are given by

LA VI G O T
M kg mO‘B 50‘]‘; = E“g EO‘B — 552‘]1 B~ . (A.15)
SAB (jAB rA EAB EAB EAB - iéfﬂ

This equation is to be read as
E% — 3105 00
M[m®g) = 0 00 (A.16)
0 00
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and so on. The remaining generators are given by

i 0 0 110 0 00 0
M[d=|0 -i10|, Mld=|0iro0o]|, Mp=|00 0 |. (A.17)
0 00 0 0 31 00 —3I

One can easily check that these matrices obey the algebra relations.
The metric is defined by

9ab = 9(Ja, Jp) = str(M[Jo]M[J]). (A.18)
It satisfies
Ga = (=) gap,  gap = 0 if a] # [b]. (A.19)
The non-zero components of the metric are
. . . 1
9(p” 5, K5) = g(k5,p%5) = 050, g(raP,rcP) = 6468 + 15555),
@ «a 1 « —& . — & 57 1 & 59
g(d,d) =1, g9(c,b) = g(b,c) =1,
9(q°", scs) = —g(scs,q*") = 6665 9(5°7,4o5) = —9(aps,5°7) = 6665
(A.20)

In fact it is convenient to use a different basis of generators. We will define the generators
1 o e, L B B_lep
yg = mo‘5+§6g(d—|—c—|—b), Yy = mo‘6+§6g(c—i—b—d), wa” =71y —§5Ab (A.21)

Then the fundamental representation is easy to write. We organise the generators into
a matrix
yaﬁ paﬁ, an
M[JAg) =M | | k%3 g%, 5P || = B4p (A.22)
SAB dap wa®

In this basis the non-zero components of the metric are

90 k75) = g(k75,0% ) = 5?52, g(wa® weP) = =638,
9y 5,y75) = 655, 9@ 577 5) = 0367,
9(q*P  scs) = —g(scs,q*) = 0605 9(5"%,4cs) = —9(qps, 5°7) = 6865, (A.23)
We will denote the inverse metric by g% = g~(J,, J). It satisfies
99" = 65 = 9” Gas g = (=1)lg®. (A.24)
The non-zero components of the inverse metric are best written in the matrix basis,
g 0% KTs) =g (K50 ) = 52557 g (wa” weP) = —556%,
TRIDEDUS g7 @5, T'5) = 305,
971 (0" 50s) = —g7 (505, 0°P) = =050 g7 (5P, d0s) = —9 s 5°7) = —05,.

(A.25)
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We will raise and lower indices with the left index of gg or ¢?°. Thus, we will define

the lowered structure constants,

fabc - fabdgdc- (A26)
The metric is invariant, i.e.
g([Janb]aJc) :g(Jaa[Jb7Jc])- (A'27)
Therefore we have
fabc - fbcdgad = (_1)‘a|fbca- (A28)

Using these properties we find

fabebcd = (_1)|d|fac’bfdbcgdc
= (=)l £, (A.29)

This expression vanishes for certain super-algebras, including psu(n|n), due to the vanishing
of the Killing form,
Kap = strfad(J,)ad(Jy)] = (—1)! £ foa®. (A.30)

Let us now check that the formula

TV = £ Tindje (A.31)

1<j
agrees with our explicit expression for ¢(1). We find from (A.31)

q(l)CvA — fquCbZ szJ]c

1<j

= fpone’9°°>  Jindjc (A.32)

i<j

The non-zero structure constants contribute the following terms,

B. _1,_ _A _AC AC . _AC
Fponans” 207 @pan59) Y 055" + fpara,® 07 (k5075 D5/ 0]

i<j 1<j
_ ' eE €
+ fransy, 007 (583, 07) Y0l sd)C + Freny s 9T W5 070) Y a0
i<j i<j
c _ E 8D _ D
+ faresns P 9 (5. ") D win®d?" + frannye? g ws wp”) > ¢ wip”
i<j 1<j
_a A .o
=> [p?aS?A + 42507 + wip P — (4, %)}
1<J
4 1 A 1 .
= {p?aS?A +(mi's + 505 (di + i + bi))a; " + (rig™ — §5§bz)Q§"B - (J,Z)] (A.33)
1<J

The terms involving the hypercharge density b; cancel out and we find agreement with
formula (3.6).
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